Abstract-A differential equation for small amplitude wave propagation in a hot nonuniform magnetized plasma is derived from the Vlasov equation by a perturbation expansion in the smallness of the Larmor radius compared to characteristic scale-lengths of the plasma. This equation is developed primarily to study the effects of strong plasma nonuniformities on propagation of waves which have counterparts in a uniform magnetized plasma. It consistently incorporates collisionless Landaucyclotron damping effects in the wave propagation and is valid for wavelengths comparable to the scale-lengths of nonuniformities. Other features explicitly included in the equation are: (i) multiple ion species and (ii) weak nonlinear effects. An ordering has been established to evaluate the relative importance of finite Larmor radius effects and nonlinear effects. As a simple application of the basic equation, we discuss wave propagation in the ion-cyclotron range of frequencies in a hot nonuniform cylindrical plasma column with multiple ion-species and show that the phenomenon is essentially determined by a simple second order ordinary differential equation.
THE EQUATIONS for wave propagation in a hot uniform magnetized plasma of infinite extent have been known for some time (Sm, 1962) . Solution of these equations is facilitated in this case by the availability of Fourier transforms in space as well as time, resulting in the usual plasma dispersion theory. This theory has been extended (SWANSON, 1967) to include boundary effects by a method of perturbation expansion in the smaiiness of Larmor radius eEecis followed by inverse Fourier transforms. It has also been extended (MIKHAILOVSKII, 1974) to include weak plasma nonuniformities by the WKB method, which is valid when the wavelengths are small compared to scale-lengths of nonuniformities. On the other hand, the theory for hot plasmas with strong plasma and magnetic field nonuniformities is very difficult and it has received only approximate treatments on problems relating to the stability of drift waves and interchange modes (TAYLOR and HASTIE, 1968; STRINGER, 1975) . In contrast, this paper is concerned with the effects ~f st:oxg zczuniformitles OI? the =ropgatlc?n of waves which have counterparts in a uniform magnetized plasma.
In most studies on wave propagation in hot, nonuniform magnetized plasmas (HASEGAWA and C", 1976; PERKINS, 1977 ) the various effects are separately analysed. For instance, kinetic effects such as finite Larmor radius effects and Landau-cyclotron damping are usually neglected when plasma nonuniformities are considered, whilst kinetic effects are considered usually in a simple, one dimensional slab geometry, with a simplified uniform magnetic field. The actual physical situation, including its geometrical structure, in many experiments makes it necessary to combine together all the various effects in order to evaluate their importance and to provide a coherent description of the phenomena. It is the purpose of the present study to make an approach toward the needed synthesis.
On account of the freedom of particle motion parallel to the magnetic field, it can be observed that plasma nonuniformities are generally in directions perpendicular to the magnetic field. Consequently, in many cases, particularly when the field lines are straight, it is still possible to Fourier transform along the privileged direction and retain the important kinetic effects of Landau-cyclotron damping in the direction paralle! to the magnetic-field as in the uniform plasma theory. But it is no longer possible to Fourier transform in the directions perpendicular to the magnetic field. Fortunately, in many cases of interest, the magnetic field strength is suff;.cieat!y l2rge (c: temperature not so high) such that the Larmor radius are still small compared to the scale-lengths of nonuniformities, and a perturbation expansion in the perpendicular directions is still possible. Such expansions have been used (see references cited above) in studies on the stability of drift waves and interchange modes. In this paper, the Vlasov equation for a nonuniform magnetized plasma is solved including finite Larmor radius corrections and a nonlinear correction, quadratic in perturbed fields. These terms are useful for future comparison with other small correction terms which are not considered here.
In the next section, the basic equations are written down and the linearized equations are first solved neglecting finite Earmor radius effects and nonlinear effects. In Section 3, finite Larmor radius corrections are obtained, whi!st in Section 4, 2 nonlinear correction is calculated and compared with the finite Larmor radius effects. As an illustration for the case where plasma nonuniformities and Landau-cyclotron damping are considered together, wave propagation in the ion-cyclotron range of frequencies in a hot, nonuniform cylindrical plasma column is discussed in Section 5 , where the basic mathematical simplicity of the phenomena is shown by the derivation of a second order ordinary differential eqiiaiioii for the wave propagation. Tine finai section is given over to a short summary and 2 discussion of possibie further extensions which are necessary in order to allow wider applications of the theory to experimental situations.
. BASIC EQUATIONS AND ZEROTH ORDER SOLUTION
The basic equation are the usual ones for hot, collisionless plasmas, namely: (i) Vlasov equations for each species CY of plasma particles; (ii) Maxwell's equations for electromagnetic fields and (iii) self-consistent equations relating charge and current densities to particle distribution functions. In standard symbols and notations, the more important ones of these equations read at 4 4 ldE VxB=-+--c c at
where following more common practices in wave propagation studies, c.g.s.-Gaussian units have been used. Collisions due to fluctuation fields are not considered here.
Fourier transformation of the linearized forms of Vlasov equations (1) in time and along the direction of the background magnetic field gives where fl, E and B are perturbed quantities which vary as exp(-iwt+ikll z), the perpendicular and parallel subscripts refer to the background magnetic field Bo, and the subscripts zero designate unperturbed quantities. Here, as elsewhere, the subscript CY has been dropped where possible and reinserted only in final expressions. For simplicity, the lines of the background magnetic field have been taken to be straight and directed along the z-axis. For cases where the field lines are twisted, suitable modifications are necessary and the mathematical problems are more complicated. Nevertheless, recognition of the fact that the important kinetic effects of wave-particle resonance are in directions parallel to the local background magnetic field, whilst gradients are perpendicular to it, can render the general problem much more tractable. This problem is discussed elsewhere, in another study.
In a system of coordinates based on the magnetic field lines and without loss of generality, it is possible to write v = (U, cos 4, U, sin 4, vli)
which then implies that where sL= qBo/mc. Substitution of (6) into (4) followed by an integration with respect to 4 yields
where G($) = exp (-ti@) with U = (w -klivII)!R. This equation may be solved for characteristic scale-length of nonuniformity in either perturbed or unperturbed distributions.
For a plasma in local thermodynamic equilibrium, the unperturbed distribution function fo, to zeroth order in E, may be taken to be a Maxwellian fM with thermal speed 'up It can then be shown from (7), that to zeroth order in E i l f h x i ", a nprtiirhatinn y".~'"". A substitution of perturbed distribution functions with the form (10) into ( l l ) , followed by standard integrations over equilibrium Maxwellian distribution functions fa0 gives the zeroth order wave equation in a succinct form V X (V xE) = -TE (12) where the tensor is defined by 
J -, z -p
This function has been extensively tabulated by FRIED and CONE (1961) .
When either I klil 4 0 or uT, 4 0, but with w + nil, # 0, then /pool, Ip*lal w, corresponding to situations where Landau or cyclotron damping is absent; it can be seen that the wave equation (12) is formally identical to that for a cold, nonuniform plasma. Complete Fourier analysis of the resulting equation in space, valid for uniform plasmas, yields the cold plasma dispersion relations (STIX, 1962). However, the general wave equation (12) is valid for arbitrary 'wavelengths' compared to the scale-lengths of plasma nonuniformities. Moreover, (12) is a complex vector differential equation, whose coefficients A, B and C are spatially dependent complex functions; it includes consistently the effects of damping on wave propagation. In general, it is expected to provide a good description of wave propagation in a hot, nonuniform, strongly magnetized plasma. The equation might be inadequate when it exhibits mathematical 'singularities' (to be defined more precisely later) which correspond physically to spatial resonances, such as AlfvCn wave and ion-ion hybrid resonances. In these situations, apart from wave damping effects, other effects which are normally negligibly small, might become important. These are considered in the following sections.
FINITE LARMOR RADIUS CORRECTIONS
Wnen finite Larmor radius efiects are negiected, the unperturbed particie distribution fo may be taken to be locally Maxwellian. However, in a nonuniform magnetized plasma, the inclusion of small finite.Larmor radius effects gives rise to corresponding small corrections to the unperturbed particle distribution function. From the steady-state Vlasov equation, an unperturbed distribution function accurate to order E may be taken to be where e, is an unit vector in the direction of the background magnetic field and fM is the locally Maxwellian distribution function. The extra term in (16) as well as higher order expansions of (7) gives rise to finite Larmor radius correctiom to the p a r b e d distribution function fl. The first order correction t e x s n-e.?orticxil Y --to E can be written as where the superscript [I] denotes the order of FLR correction 2nd the complex velocity vector V is given by (9) with + replaced by d'. Although these correction terms can be calculated explicitly, it is preferable to examine the signiiicance of various terms and selectively retain only those which are imporran: for the purpose at hand. Since the 'wavelengths' are usually smaller than, though can be comparable to, the scale-lengths of nonuniformities, the second group of terms in (i7) involving V,fM is usually smaller than the first group involving V,E. Moreover, the terms involving V,fM arise from the last term of (16) and they are generally associated with the phenomena of drift waves. It should be reiterated that the waves with which this paper is primarily concerned, have direct counterparts in uniform magnetized plasmas. Apart from the process of harmonic cyclotron damping (which is a finite Larmor radius effect), FLR corrections are considered only when the basic system of equations (12) exhibits singular behaviour. In these situations, the spatial derivatives of the perturbed fields involving V,E type terms can become large. For these reasons, it is generally possible to neglect terms involving gradients of unperturbed quantities and keep only the terms involving spatial derivatives of the perturbed fields. However, the situation must be re-examined when the dominant corrections terms, which are kept, are not suficient to recder the system of equations well-behaved. This may lead to a necessity to retain the drift-type terms. Accordingly, on taking only the dominant term in (17) and substituting in (1 l), the first order FLR effects lead to a correction term on the right hand side of (12), proportional to the first spatial derivatives of E. This calculation is considerably simplified by the fact that many elements of the integrand are periodic in + and hence vanish on integration over this phase angle. It can be verified that (18) where the tensor differential operator is defined by
where p, = ( U + n,cl)/kllvT, the primes denote derivatives with respect to the arguments and the spatial gradient operator V, has been taken as V, = (VI, V,, 0) with V, = V, i iV,. On defining a summed tensor differential operator by the wave equation accurate to E , can now be expressed as
The general structure of 0 can be seen to be consistent with that of plasma disperison theory (STIX, 1962). Moreover, it vanishes in the limit where IpoI, /p,ll-+m, in agreement with fluid theory (SY and COTSAFTIS, 1979) where FLR effects appear only to second order, in a stress tensor, which is proportional to the pressure. Hence, in general, the first order FLR effect does not always give a nonvanishing contribution. For this and other reasons which will be apparent later, the second order h;LR effect needs to be considered.
On following the general policy of neg!ecting t e r m iwo!ving grsdlents of unperturbed quantities, it can be shown from (7) that the second order FLR correction to the perturbed distribution function fl can be written as
On substitution of this expression into (3), it follows that the second order FLR correction to the perturbed current density may be written as where for convenience of calculation, a system of coordinates is taken such that E = (E,, E,, E3), V, = (V,, V,, 0) and F, are introduced by
The expression (24) has been written is such a way that in the 4 integral, many terms obviously vanish on account of periodicity. After performing this integral as well as the v, integral, it may be verified that where the second order tensor differential operator is defined by In its present form the operator w defined by (27)-(29) appears unpleasantly complicated. Although the uil integral can be evaluated quite straightforwardly, this produces even more cumbersome expressions and it is not done explicitly for the following reason. Bearing in mind that FLR corrections are important ody when the corresponding parts of ihe basic equation (12) become small, it can be seen that in practice, special circumstances allow considerable simplifications in the evaluation of I%. Such an evaluation will be performed in a subsequent section, where the harmonic cyclotron damping terms are calculated. Harmonic cyclotron damping is a secccd order I;LR effect agd it does not appear at all in the zeroth order or the first order wave equations, (12) or (22), respectively.
Finally, it is clear that the magnitudes of the elements arising from fi are smaller than those arising from by a factor p2/a2, where p is a Larmor radius and a is a characteristic scale-length of the oscillations perpendicular to the background magnetic field. This ratio in some situations, might be very small even for ions and hence other small effects such as weak nonlinear effects cannot be discarded a priori. In the next section, nonlinear effects are considered and an ordering of the two small effects is established to estimate their relative importance.
. WONLINEAR CORRECTIONS
To obtain a nonlinear correction, it is necessary to carry the expansion of the Vlasov equation to the next order in the small ratio of perturbed to unperturbed field amplitudes. The higher order equation which determines the perturbed fields, can be written as where Fourier transform in the direction parallel to the background magnetic field has again been taken and finite Larmor radius effects have been neglected in this higher order, nonlinear correction term.
A relation similar to (6) can be used in (31). Then integration with respect to C$ in the usual way followed by substitution of fl given by (10) leads to the result where gradient terms on background quantities have consistently been neglected and the unperturbed distribution function has been taken to be iV, a local Maxweiiian distribution. The term involving derivatives with respect to v' in (32) can be evaluated directly and can be shown to be independent of 4'. Whereupon, it is simple to perform the 4' integration in (32) and write the result in the form where, as before, u = ( w -k,,v,,)/Q, V is given by (9) and Fr is introduced by the definition
The perturbed distribution function f2 gives rise to a perturbed current density j, due to nonlinear effects. It follows from a substitution of (33) into the appropriate order of equation (3) that 
which can then be used to write j, in a compact form
where the tensor differential operator is defined by (38) Ii(E, V) = 2q3 , 1 d3vfMvE E {I(;+T) 1 iV.V -T} iVV m2fi2vT with 1 being the unit tensor. Again, although the integrals in (38) can be calculated explicitly, it serves no purpose at this stage to write down the resulting cumbersome expressions. However, relatively simple expressions can be obtained for the special case of high frequencies. It is perhaps worthwhile to record these. At high frequencies, of the order of, or above the ion cycIotron frequencies, w 5 fi, the last two terms of (38) The elements in are defined by (4 1 a) where the primes on the plasma dispersion function Z denote derivatives with respect to the arguments. It is interesting to note that for high frequency cases the nonlinear correction term contains no spatial derivatives. On defining a summed tensor differential operator by
where iia(E, V) is, in general, formally defined by (38), the wave equation (30) is now further amended by inclusion of nonlinear effects to read
VX(VXE)=-{'T+~(V,)+%'(V,,V~)+R(E, V)}*E=-T',,,* E.
The derivation of this equation for wave propagation has been a principal objective of this paper. It is apparent from (13), (20), (27) and (40) that in a coordinate system locally related to the background magnetic field, the tensor Ttot has a high degree of symmetry, which will be exploited in later studies.
It can readily be shown from the definitions that the relative magnitudes of terms on the right hand side of (43) are in the following proportions, 1: E : E , : 6(1 t U/ESZ) (44) where E = pia = v,/aSZ, 6 = IBI/Bo and the largest particle contributions to E, E' and w/sSZ are taken for the purposes of comparison. It can be observed that nonlinear effects increase with frequency o but decrease with E. Also, the inclusion of finite Larmor radius effects generally increases the order of the system of differential equations, whilst this is not always the case with the inclusion of nonlinear effects.
. CY CLINDRICAL CASE
To illustrate the above rather formal theory and to clarify and make more precise some of the general statements concerning mathematical 'singularities' or spatial resonances, the case of wave propagation in the ion cyclotron range of frequencies in a straight, hot, nonuniform plasma cylinder is discussed here. Even this relatively simple case is of considerable interest, as a number of authors (PERKINS et al., 1973; MESSIAEN and VANDENPLAS, 1974; ADAM and JACQUINOT, 1977; PAOLONI, 1978) hsve studied this problem in connection with RF heating of laboratory plasmas by the excitation of geometric resonances in bounded systems. However, this problem so far has not been discussed within a framework as comprehensive as the present one which includes explicitly in the wave equation (1) iiiiiltiple ion species (2) arbitrary piasma nonuniformities and (3 j coiiisionless Landau-cyclotron damping.
In the following, we consider cases where wave propagation and absorption are dominated by the first term, ?f * E in equation (43) and include finite Larmor radius effects only in the incorporation of harmonic cyclotron damping. In the next sub-section, the expressions developed above for are used to evaluate the harmonic cyclotron damping term due to FLR effect. In sub-section (b), it is shown that despite the number of physical effects included, the mathematical pr&!em car? be rednced ta 2 si@e essel;:ia! eqnatioii, which is simply a second ordinary differential equation in the perturbed axial magnetic field.
(a) Harmonic cyclotron damping It can be seen from equations (14a)-(14c) that Landau damping and fundamental ion-cyclotron damping are included in the tensor T of the basic wave equation (12). Cyclotron damping is essentially a resonance phenomenon; it operates effectively only when the wave frequency is close to the cyclotron frequency or its harmonics. Hence, even though ion-cyclotron damping at the first harmonic o = 2fl, depends on finite Larmor radius effects, on account of the resonance nature of the damping process, it might still be the dominant wave absorption process in some physical situations. To include harmonic cyclotron damping, one needs only to consider the dominant resonant contribution to fi(Vl, V,) in (30) due to c = 2 in (28). In the ai/ integral of (29), the resonant denominator eventually produces the plasma dispersion function Z ( P -~) , as might be expected. Fourier analysis in the 8 variable of a cylindrical system, followed by some algebra, yields the essential contribution in the form where p = (1, -i, 0) can be interpreted as a polarization vector with respect to the background magnetic field. The effect of the derivatives in (45) is finally to raise the order of the system of differential equations in (30), corresponding to the introduction of new wave modes. Since only wave damping is the concern here, the order of the system of equations can be maintained by suitably approximating these derivatives. As will be shown in the next sub-section, the perturbed field E and B themselves satisfy simple differential equations, and application of these shows that the term in braces on RHS of (45) (b) The essential equation
To reduce -the system (48) to a single essential equation, it is usefui to note that in T ' , <ne magnitude of the eiement C is large than A-and B' by a factor milme. which is a typical ion to electron mass ratio. Examination of the system of equations (43) then shows that within an accuracy of the order of mJm,, E, = 0 in the ion-cyclotron range of frequencies. ADPUM and JACQUINOT (1977) have shown this approximation to be good even when account is taken of the surface waves which might exist between the plasma and the surrounding vacuum (in the case of a confined plasma).
On Fourier analysis of perturbations proportional to exp (im8) in cylindrical coordinates, the relevant components of (43) Instezd it is convenient to solve this system of equations in the axial component of the perturbed magnetic field r The subsequent simplification that results from this substitution suggests that even for frequencies as high as those in the ion-cyclotron range, the wave is still strongly influenced by the background magnetic field.
From Maxwell's equation (2b) and E, = 0, it follows that Substitution of (52) into (49) and (50) (SY 1978a; PAOLOM, 1978) on geometric resonances in a nonuniform plasma column appear to indicate that the conditions for, and the characteristics of, such resmances are not very sensitive to plasma nonuniformities. On this assumption, resonance frequencies and Q factors can be estimated formally by (56). The resonance frequencies in a column of radius a are determined from the roots of the algebraic equation
where a,,,,, is the nth zero of the Bessel function J,. To within a factor of order unity, the resonant Q factors are given by
Finally, for judicious choices of field profiles, it is not difficult to obtain other analytic solutions to (55).
SUMMARY AND DISCUSSIONS
A diEerentia1 equation €or wave propagation (43) has been derived for hoi, nonuniform magnetized plasmas. Apart from possible astrophysical applications, the various features incorporated in the equation make it well adapted to the study of wave propagation in hot, magnetized plasmas in the laboratory.
In particular, the equation goes beyond the WKB approximation since it permits strong plasma nonuniformities to be considered. The inclusion of multiple ion species offers greater flexibility in the application of the equation to a greater variety of plasmas. Apart from providing a more accurate description of the wave propagation phenomenon, considerations given to small corrections due to (i) collisionless Landau-cyclotron damping (ii) finite Larmor radius effects and (iii) nonlinear effects, are required to decide on the fate of a wave propagating near spatial resonances. For the high frequency cylindrical case, this is mathematically defined by the situation where Re (d) determined by (54a) becomes small. In these cases, the wave can either become strongly absorbed or be converted into another wave mode. What actually occurs of course depends on the circumstances and the plasma conditions in question, and a basis for such considerations has been provided.
From the ordering established in (44), it can be seen that for o -a, nonlinear effects cannot be neglected compared to finite Larmor radius effects if IBI 5: &'Bo. As E = p/a is often very small in iaboratory plasmas, the condition is not necessarily stringent. In situations where wavelengths become small, wave damping effects might well compete with finite Larmor radius effects in influencing the propagation of the wave. Moreover, if finite Larmor radius effects are indeed dominant but are unable to render the system of equations (30) well-behaved mathematically, then the present work suggests that the effect of the drift-type terms should be re-examined before higher order effects are considered.
It should be emphasised that on account of the Fourier transforms taken along the magnetic field, the wave equation is valid only for systems with straight field lines. Many laboratory plasmas of interest have either toriodal geometries and/or electric currents flowing in them. Consideration then must be given to the twisting of the magnetic field lines. Even for smail alterations to the magnetic field structure from that of a cylinder, as for example is the case for a large aspect ration Tokamak, the wave field profiles for large scale oscillations can change noticeably (SY, 1978b). Even if the magnetic field curvature effects are indeed small, they should nevertheless be compared with the small effects considered in this paper. However, in the simple case of a cylindrical plasma with straight magnetic field lines, it has been shown that the basic wave equation (48) can be reduced to one essential equation (55) with a simple structure, for wave propagation in the ion cyclotron range of frequencies. Attempts will be made in further studies to find such structures, when considerations are given to twisting of magnetic field lines and geometrical effects in toroidal plasmas.
